Proof of the NP-hardness of the MEkSF problem
In the decision version of MEkSF problem, we are given a graph G with vertex capacities, a flow f , and a number k, the objective is to determine if there are k splittable flow F such that its flow is f and its error is 0. Theorem 1. The decision version of the MEkSF problem is NP-complete.
Proof. We reduce the partition problem to the decision version of the MEkSF problem. Given a multiset S of positive integers, the partition problem is to determine if S can be partitioned into two subsets S 1 and S 2 such that the sum of the numbers in S 1 equals the sum of the numbers in S 2 .
For a given instance S = {a 1 , a 2 , . . . , a n } of the partition problem, we construct an instance of the MEkSF problem. Let C = n i=1 a i . The graph contains four layers. The first layer contains only one source vertex s, and the fourth layer contains only one sink vertex t. For each number a i ∈ S, a vertex u 2,i is added to the second layer of the graph and the capacity of u 2,i is a i . Two vertices u 3,1 , u 3,2 are added to the third layer and their capacities are C/2. Next, we add edges to connect vertices in neighboring layers. For each vertex pair v 1 and v 2 such that v 1 is in layer i and v 2 is in layer i + 1 (for 1 ≤ i ≤ 3), an directed edge is added from v 1 to v 2 . The total flow value is set as C and the number k of splittable paths is set as n.
→ If there is a solution S 1 and S 2 to the instance of the partition problem, we can find an n-splittable flow with error 0 as follows. For each number a i ∈ S 1 , we add the path s, u 2,i , u 3,1 , t to the solution to the MEkSF problem; for each number a j ∈ S 2 , we add the path s, u 2,j , u 3,2 , t to the solution to the MEkSF problem. Finally, the flow that goes through u 3,1 is C/2 and the flow that goes through u 3,2 is also C/2.
The total error of the n splittable paths is 0, and the total flow of the paths is C.
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← If the instance of the MEkSF problem has a solution such that its total flow value is C and its error is 0, then the partition problem has a solution. Let P = {P 1 , P 2 , . . . , P n }, a set of n paths from s to t, be the solution to the MEkSF problem. Two observations can be obtained: (1) There are no two paths in P that go through the same vertex in layer 2. If there exists such a path pair, then at least one vertex in layer 2 does not appear in any path in P and its flow is 0. As a result, the total error of the n splittable paths is not zero, which is a contradiction. (2) The sum of the flows of the paths that go through u 3,1 is C/2 and the sum of flows of the paths that go through u 3,2 is also C/2. A number a i ∈ S is added to S 1 if P contains a path s, v 2,i , v 3,1 , t; S 2 , otherwise. Based on observation 1, the assignments result in a partition of S. Based on observation 2, the sum of the numbers in S 1 equals to the sum of the numbers in S 2 .
